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Abstract 


We derive new matrix representation for higher order Daehee numbers and polynomi¬ 
als, the higher order A-Daehee numbers and polynomials and the twisted A-Daehee num¬ 
bers and polynomials of order k. This helps us to obtain simple and short proofs of many 
previous results on higher order Daehee numbers and polynomials. Moreover, we obtained 
recurrence relation, explicit formulas and some new results for these numbers and polyno¬ 
mials. Furthermore, we investigated the relation between these numbers and polynomials 
and Stirling numbers, Norlund and Bernoulli numbers of higher order. The results of this ar¬ 
ticle gives a generalization of the results derived very recently by El-Desouky and Mustafa 
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1 Introduction 

For a S N, the Bernoulli polynomials of order a are defined by, see 



(1.1) 


When x = 0, Bn = -Bn (0) are the Bernoulli numbers of order a, defined by 



(1.2) 


The Daehee polynomials are defined by, see [111, Uganda 



(1.3) 
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In the special case, x = 0, D n = D n { 0) are called the Daehee numbers, defined by 

(hill+*>)-£>£. 

v ' n=0 

The Stirling numbers of the first and second kind are defined, respectively, by 

n n 

{x) n = - i) = si(n, l)x l , 

i=0 1=0 

where si(n, 0) = 6 n< o, si(n, k ) = 0, for k > n„ and 

n 

x n = y^s 2 (n,k)(x) k , 
k =o 

where s 2 (n, 0) = 5 n: o, s 2 (n, k) = 0, for k > n, and is the kronecker delta. 

The Stirling numbers of the second kind have the generating function, see [ ll[2, 4 Si and [7]- 

°° 4-1 

(e* -1)”' =m\^ j s 2 {l,m)-. 

l=m 


(1.4) 


(1.5) 


( 1 . 6 ) 


(1.7) 


2 Higher order Daehee Numbers and Polynomials 

In this section, we derive an explicit formulas and recurrence relations for the higher order Daehee 
numbers and polynomials of the first and second kinds. Also the relation between these numbers and 
Norlund numbers are given. Furthermore, we introduce the matrix representation of some results for 
higher order Daehee numbers and polynomial obtained by Kim et al. |[8[] in terms of Stirling numbers, 
Norlund numbers and Bernoulli numbers of higher order and investigate a simple and short proofs of 
these results. 

Kim et al. [8] defined the Daehee numbers of the first kind of order k, by the following generating 
function 


V 1)W- 

^ n n\ 


t n /log(l + t) 


n=0 


t 


,(*) 


Next, an explicit formula for Dn is given by the following theorem. 


Theorem 2.1, For n € Z, A; G N, we have 

D ( n k) =nl 


(-i r 


-Mfc— 7l-\-k 


hh ■ ■ ■ h 


Proof. From Eq. (12.11) . we have 


^.n-\-k 


S 0 -*—= (iogd+*))'== E 


(-i) 


/-I 


n =0 

Using Cauchy rule of product of series, we obtain 

00 4.n-\-k 

Y, D{ n 

n =0 


d=\ 


n\ 


E E 

r=k h+h-\ -h h=r 


(- 1 ) 


r—k 


hi 


It 2 


(2.1) 


( 2 . 2 ) 
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let r — k = n, in the right hand side, we have 


E d ? ,! 


j.n-\-k 


n\ 


E E 


(- 1 )" t n+t 


hh ■ ■ ■ h 


Tl —0 Tl —0 Z—|—^2—I—**•—|—^/g— TL~\~k 

Equating the coefficients of t n+k on both sides yields (12.21) . This completes the proof. □ 

Remark 2.2. It is worth noting that setting k = 1 in ( 12.21 ). we get 16, Eq. (2.2)] as a special case. 

Kim et al. [8|, 2014, Theorem 1] proved that, see [ 16], for n <G Z. k <G N, we have 

D {k) = si(n + k,k) 


( n+k\ 

V k ) 


(2.3) 


We can represent the Daehee numbers of the first kind of order k, by (n +1) x (A: +1) matrix , 0 < k < n, 
as follows 



( £>(°) 

U Q 

£)( 2 ) . 

• D o k) \ 

II 

Q 

D i 0) 

D J 1} 

d{ 2) • 

■ D[ k) 


v d1 0) 


d! 2) • 

• D { n k) / 


For example if 0 < n < 3, 0 < k < n, we have 

D ( fc ) = 


l 

1 

1 

1 

1 \ 


0 

-1/2 

-1 

-3/2 


0 

2/3 

11/6 

7/2 

V 

0 

-3/2 

-5 

-45/4 / 


Kim et al. Isl Theorem 4], proved the following result. For n G Z, k G F4, we have 

n 

Bk k) = J2 D % ) S2(n,m). 


(2.4) 


m =0 


Remark 2.3. We can write this relation in the matrix form as follows. 

B (A:) = S 2 D (fc) , (2.5) 

where D'E is (n + 1) x (k + 1), 0 < k < n, matrix for the Daehee numbers of the first kind of order 
k and S 2 is (n + 1) x (n + 1) lower triangular matrix for the Striding numbers of the second kind and 
B( fc ) is (n + 1) x (k + 1), 0 < k < n, matrix for the Bernoulli numbers of order k. 

For example, if setting 0<n<3, 0 < k <n , in (12.51) . we have 


f 1 

0 

0 

° \ 

( 1 1 

1 

1 \ 


( 1 

i 

1 

1 

0 

1 

0 

0 

0 - 1/2 

-1 

- 3/2 


0 

- 1/2 

-1 

- 3/2 

0 

1 

1 

0 

0 2/3 

11/6 

7/2 


0 

1/6 

5/6 

2 

l 0 

1 

3 

1 / 

V 0 - 3/2 

-5 

- 45/4 ) 


V o 

0 

- 1/2 

- 9/4 


Kim et al. [8l Theorem 3] introduced the following result. For n £ Z, k £ N, we have 

n 

D n ] = «l0 h m ) B m- 

m =0 


( 2 . 6 ) 
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We can write this relation in the matrix form as follows 

= SiB (fc \ (2.7) 

where Si is (n + 1) x (n + 1) lower triangular matrix for the Striding numbers of the first kind. 

For example, if setting 0 < n < 3, 0 < k < n ,in (IT7Tl . we have 


( 1 

0 

0 

° \ 

/ 1 

1 

1 

1 \ 


( 1 1 

1 

1 \ 

0 

1 

0 

0 

0 

- 1/2 

-f 

-3/2 


0 -1/2 

-1 

-3/2 

0 

-f 

1 

0 

0 

1/6 

5/6 

2 


0 2/3 

11/6 

7/2 

V 0 

2 

-3 

1 / 

V o 

0 

- 1/2 

-9/4 j 


V 0 -3/2 

-5 

-45/4 / 


Remark 2.4. Using the matrix form ( 12.7D . we easily derive a short proof of Theorem 4 in Kim et al. i/- 
Multiplying both sides by the Striling number of second kind as follows. 

S 2 D {/c) = S 2 Si B (fc) = I B (fc) = B (fc) , 


where I is the identity matrix of order (n + 1). 

Kim et al. |[s|] defined the Daehee polynomials of order k by the generating function as follows. 


X>n } ( 


n=0 


r f \og(i + t) 
n\ l t 


a +ty 


( 2 . 8 ) 


( x \ 

Liu and Srivastava [ 14] define the Norlund numbers of the second kind h n ; as follows. 

X oo 


t 


log(l +t) 




(2.9) 


n =0 


( 2 . 10 ) 


Next, we find the relation between the Daehee polynomials of order k and the Norlund numbers of the 

(x) 

second kind bn ' by the following theorem. 

Theorem 2.5. For rn £ Z, k € N, we have 

m 

n£ > (z)=m!£;( m U)6!r* > . 

n =0 

Proof. From Eq. (12.91) . by multiplying both sides by (f + t) z , we have 

OO OO OO 

a +ty = E i, « l4 ”( 1+4 ) 2 = E' > !> I) 4 ”E(() 4 ‘ 

72—0 72—0 Z=0 

OO OO OO 772 

= EE l i"W‘” = EE(--.)»f )4 ” 


log (1 + 1) 


( 2 . 11 ) 


72=0 772=72 


772=0 72=0 


Replacing x by — k in (12.111) . we have 


log (1 ~b f) 

t 


a +tr = EEWf‘ ,r 


772=0 72=0 
OO 772 


= E E L-J 

771=0 72=0 

From (12.81) and (12.121) . we have (12.101) . This completes the proof. 


t r 


ml 


( 2 . 12 ) 

□ 
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Corollary 2.1. Setting k = 1 in ( 12. /(7|) we have 

m 

D m (z ) = m! X ( m l n ) 6^ _1) . (2.13) 

n=0 

Setting z = 0, in (12.101) . we have the following relation between Daehee numbers of higher order and 
Norlund numbers of the second kind. 


Corollary 2.2. . For k € N, by setting z = 0 in ( 12.701 ) we obtain 

= m \ b£ k \ 


(2.14) 


The relation between the Bernoulli numbers and Bernoulli polynomials of order k are given by Kimura 
113], as follows. 


B {k \x) = X (?) B 

7=o 

Therefore, we can represent (12.151) in the matrix form 


n) ff( k ) x n-j 


(2.15) 


BW(i) = P(z)B (fc) , (2.16) 

where (x) is (n + 1) x (k + 1) matrix, 0 < k < n for Bernoulli polynomials of order k as follows 



( B l 0) (x) 

b£\x) 

B ( o\x) ■ 

• B {k \x) \ 

B (fc )(x) = 

B[°\x) 

b[ 1] (x) 

B?\x) ■ 

• B{ k \x) 


B [ n\x) 

B { n\x) 

B { n\x) • 

• Bi k \x)) j 


where the column k represents the Bernoulli polynomials of order k, B (/, 7 is (n + 1) x (k 4 1) matrix, 
0 < k < n for Bernoulli numbers of order k and the matrix P(.x), the Pascal matrix, is (n + 1) x (n + 1) 
lower triangular matrix defined by 


(P(*))y = 


X 


pl 3 i > j, 

0, otherwise 
For example if setting 0<n<3, 0 < k < n in (12.16b . we have 


i,j = 0,1, 


,n. 


( 

1 

0 

0 

0 

\ 


( 1 

1 

1 

1 \ 




X 

1 

0 

0 



0 

-1/2 

-1 

-3/2 




x 2 

2x 

1 

0 



0 

1/6 

5/6 

2 



V 

x 3 

3x 2 

3x 

1 

J 


V o 

0 

-1/2 

-9/4 .j 










i 


1 



1 








x 

X 

1 

2 


X 

-1 








x 2 

x 2 — 

X+ i 

x 2 

— 

2x + § 







\ 

x 3 

r 3 _ 3 
x 2 

x 2 + 

CO 

1 

CO 

! + |x- 


x - 


x 2 — 3x + 2 


Kim et al. la Theorem 5] introduced the following result. For n € Z, k € N, 

n 

D n\ x ) = X si (n,m)B$(x). 


m =0 


(2.17) 
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We can write this relation in the matrix form as follows 


D (fc) (x) = SiB (fc) (x), (2.18) 

where (x) is (n + 1) x (k + 1) matrix for the Daehee polynomials of the first kind with order k and 
(x) is (n + 1) x (k + I) matrix for the Bernoulli polynomials of order k. 


For example, if setting 0 

< 

n < 3, 0 < k < n , 

in (12.181). we have 



f 1 

0 

0 

° ^ 


/ 

1 1 

1 

1 \ 


0 

1 

0 

0 



x x — | 

x — 1 

x- I 


0 

-1 

1 

0 



9 9 1 

X X — X + g 

x 2 — 2x + | 

x 2 — 3x + 2 


^ 0 

2 

-3 

1 ) 


V 

~3 ~3 _ 3 2 , 1™ 

j/ tXj 2 d/ i 2 d 

_ 9 rv> 2 1 0 ^v» _ 

<X/ r/ rt' | 2 d 2 

x 3 — |x 2 + 6x — | / 


/ 

1 



l 

1 

1 



X 



*- 1 

x — 1 

rp _ 3 

j, 9 


x 2 — x x 2 — 2x + | x 2 — 3x + ^ x 2 — 4x + | 

\ x 3 — 3x 2 + 2x x 3 — §x 2 + ^-x — | x 3 — 6x 2 + ^-x — 5 x 3 — ^ x 2 + I7x — ^ / 

Kim et al. [ 8j, Theorem 7] introduced the following result. For n £ Z, k <E N, 


BnH x ) = X] D m( x ) a 2(n,m). 

m =0 

We can write Eq. (12.191 ) in the matrix form as follows 

= S 2 D (fc )(x). 


(2.19) 


( 2 . 20 ) 


For example, if setting 0 < n < 3, 0 < k < n , in (12.201) . we have 


( i 

0 

0 

0 



( 1 

1 

1 

1 

\ 

0 

1 

0 

0 



X 

x ~\ 

X — 1 

2 


0 

1 

1 

0 



2 

x — X 

x 2 — 2x + | 

x 2 — 3x + kf 

x 2 — 4x + | 


V 0 

1 

3 

1 

) 


\ x 3 — 3x 2 + 2x 

„3 _ 9 2 , 11 _ 3 

d 2 d j 2 d 2 

x 3 — 6x 2 + ?d-x — 5 

x 3 - ^x 2 + 17x - 

45 1 
4 / 


/ 1 1 1 1 \ 

X X — \ X — 1 X — i 

x 2 x 2 — x + g x 2 — 2x + | x 2 — 3x + 2 

y x 3 x 3 — §x 2 + \x x 3 — 3x 2 + §x — \ x 3 — §x 2 + 6x — | J 

Remark 2.6. We can prove Theorem 7 in Kim et al. /@/ by using the matrix form ( 12.781 ) as follows . 

Multiplying both sides of ( 12.781 ) by the Striling number of second kind, we have 


S 2 dW(i) = S 2 Sr B^(x) = IB^(x) = B^(x). 

Kim et al. |[ij] defined the Daehee numbers of the second kind of order k by the generating function as 
follows. 


i n 

£DJP)] S 

n=0 


(f - t) log (1 - t) 


—t 


( 2 . 21 ) 


Kim et al. Theorem 8] introduced the following result. For n € Z, k G N, 


D[ 


n 

;[(*)] = £[ 


(=0 


l J 


B. 


(*) 


( 2 . 22 ) 
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where 


i J 


= (—l) n l si(n, l) = |si(n, A;)| = s(n, k), where s(n, k ) is the signless Stirling numbers of 
the first kind, see |0] and M. 

We can write this theorem in the matrix form as follows 


D W =6B W , (2.23) 

where Td ik> is (n + 1) x (A: + 1) matrix of Daehee numbers of the second kind with order k and © is 
(n + 1) x (n + 1) lower triangular matrix for the signless Stirling numbers of first kind. 

For example, if setting 0<n<3, 0 < k < n in (12.231) . we have 


( 1 

0 

0 

° \ 

( 1 

1 

1 

1 \ 


( 1 

i 

1 

1 

\ 

0 

1 

0 

0 

0 

-1/2 

-1 

-3/2 


0 

-1/2 

-1 

-3/2 


0 

1 

1 

0 

0 

1/6 

5/6 

2 


0 

-1/3 

-1/6 

1/2 


V 0 

2 

3 

1 / 

V o 

0 

-1/2 

-9/4 j 


V o 

-1/2 

0 

3/4 

/ 


Kim et al. it Theorem 9] introduced the following result. For n € Z, k G N, we have 

n 

= J2(- i r- m Mn,rn)D k m m] 

m =0 

We can write Eq. (12.241) in the matrix form as follows 

B (fc) = S 2 D (fc) . 


(2.24) 


(2.25) 


where S 2 is (n + 1) x (n + 1) lower triangular matrix for signed Stirling numbers of the second kind 
defined by 


(S 2 )ii 


(-1)* j s 2 {i,j ), 

0, 


* > 3, 

otherwise. 


i,j = 0,1, - - - ,n. 


For example, if setting 0<n<3, 0<k<nin (12.251) . we have 


( 1 

0 

0 

°\ 

/1 

1 

1 

1 



( 1 

i 

1 

1 \ 

0 

1 

0 

0 

0 

-1/2 

-1 

-3/2 



0 

-1/2 

-1 

-3/2 

0 

-1 

1 

0 

0 

-1/3 

-1/6 

1/2 



0 

1/6 

5/6 

2 

V o 

1 

-3 

1 / 

V o 

-1/2 

0 

3/4 

) 


V o 

0 

-1/2 

-9/4 / 


Remark 2.7. We can prove Theorem 9 in Kim et al. [8] by using the matrix form ( 12.231 ) as follows. 
Multiplying both sides of H2.23\) by the matrix of sign Striling numbers of second kind S 2 we have 

S 2 D (fc) = S 2 © B (fc) = I B (fc) = B (fc) , 


we obtain Eq. (12.251 ). where we used the identity, S 2 © = I. 

defined the Daehee polynomials of the second kind of order k by the generating function 


Kim et al. 
as follows. 


MIL 


72—0 


(1 ~t) log (1 t) 


—t 


a -ty 


(2.26) 


Kim et al. it Eq. (31)] introduced the following result. For n G Z, k G N, 


m —0 


(2.27) 
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Eq. (12.271) is equivalent to 


D k nim(x) = E s(n,m)B£H-x). (2.28) 

m =0 

We can write Eq. (12.281) in the matrix form as follows 

D w (i) = 6B (l '>(-i), (2.29) 

where (x) is (n + 1) x (A: + 1) matrix of the Daehee polynomials of the second kind with order k 
and B- ■* (x) is (n + 1) x (k + 1), the matrix of the Bernoulli polynomials when x —> —x numbers. 

For example, if setting 0 < n < 3, 0 < k < n, in (I2.29I ). we have 


/1 

0 

0 

° ^ 


( 

i 


1 

1 


i 

\ 

0 

1 

0 

0 



—x 


-X- 3 

—x - 

i 

T 3 

x 2 


0 

1 

1 

0 



x 2 

x 2 

+ X + 

h x 2 + 2x + 1 

x 2 + 3x + 2 


V o 

2 

3 

1 J 


V 

—x 3 

—x 3 - 

3™2 

_ _av»3 _ Oav.2 

2 eta eta O eta 

5„, 1 

2 X 2 

-x 3 — |x 2 — 6x - 

1/ 







/ 

1 


1 

1 

1 

\ 








—x 


-x- | 

—x — 1 

x 3 

x 2 









9 

x — X 


x 2 - | 

X 2 + x - g 

x 2 + 2x + ^ 








^ 3x 2 

— x 3 - 

- 2x 

3x 2 3 1 ^ 1 

2 ^ ' 2 2 

3z 3 

2 ^ 

x - ^ - X 3 + 

3 y 

4 / 


Kim et al. |8[ Theorem 11] introduced the following result. For n £ Z. A: € N, 




m =0 

We can write Eq. (12.301) in the matrix form as follows 

B^(-x) = S 2 D (fc) (x). 
For example, if setting 0 < n < 3, 0 < k < n in (12.311) . we have 

1 1 


/ 1 

0 

0 

° ^ 

( 

0 

1 

0 

0 


0 

-1 

1 

0 


V 0 

1 

-3 

1 ) 

V 


—x 

9 

X — X 


—x — i 

r 2 _ I 

X 3 

3a: 2 _ 3 i x _ 1 

2 x “T" 2 2 


—X — 1 

2 1 
X + X — g 

3* _ 3 

2 x 


/ 1 


— X 
„2 


1 

— X — 1 


x 2 + 2x + | 


(2.30) 


(2.31) 


X 2 + X + i 

\ _t- 3 _„3 _ 3a: 2 _ x _ 3 _ q„2 _ 5a; _ 1 _ 3 _ 9x 

\ O/ eta r) q eta l) iT <-) q eta 


-X- 2 
x 2 + 2x + | 
X-3|!_x 3 + f / 

1 \ 

—x — | 
x 2 T 3x + 2 

- 6x - | / 


Remark 2.8. We can prove Eq. ( 12.371) . /[g, Theorem 11], directly by using the matrix form ( 12.291) as 
follows. Multiplying both sides of (12.291 ) /ay S 2 as follows. 

S 2 f)( fc )(x) = S 2 S B^(—x) = IB^(-i) = BW(-x), 


thus, we have Eq. ( 12.371 ). 
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3 The A- Daehee Numbers and Polynomials of Higher Order 


In this section we introduce the matrix representation for the A-Daehee numbers and polynomials of 
higher order given by Kim et al. |@]. Hence, we can derive these results in matrix representation and 
prove these results simply by using the given matrix forms. 

The A-Daehee polynomials of the first kind with order k can be defined by the generating function 


/ A log (1 + 1) 

V(i + 0 A -i 


k oo 

(i+*)* = y>S(z) 


n —0 


n\ 


(3.1) 


When x = 0, \ = -D^(O) are called the A-Daehee numbers of order k. 

( A log (1 + t) \ k _ ^ jj(k) 

V(i + t) A -iy ^ n,x n\' 


(3.2) 


It is easy to see that Dn\x ) = D^\(x) and D n \{x) = D^\(x). 

Kim et al. [^, Theorem 3] obtained the following results. For n > 0, k € N, 

n 

and 


m =0 


A n B^ 


XJ J2 S2 ( n ’ m ) D %.\{x), 

m =0 

we can write these results in the following matrix forms 

D<‘>(x) = SiAB<‘>0, 

and 

x 


AB( fc) (j) =S 2 Df (*), 


(3.3) 


(3.4) 


(3.5) 


(3.6) 


where, D ( x ^(x) i s ( n + 1) x (A: + 1) matrix for the A-Daehee polynomials of the first kind with order k, 
B (fc ) (.x/A) is (n + 1) x (A: + 1) matrix for the Bernoulli polynomials of order k, when x -x x/X and A 
is (n + 1) x (n + 1) diagonal matrix with elements, (A)n = A*, i = j = 0,1, • • • , n. 

For example, if setting 0 < n < 3, 0 < k < n, in (13.51) . we have 


/ 1 

0 

0 



( 1 

0 

0 

0 

\ 

0 

1 

0 

0 


0 

A 

0 

0 


0 

-1 

1 

0 


0 

0 

A 2 

0 


V 0 

2 

-3 

1 J 


^ 0 

0 

0 

A 3 

/ 


/ 1 


si 

A3 


x 

a? 

x 

2A " 


_ x_ 

3 A 

2A 2 


1 

X 


1 

2 f" 1 

x 2 2x 1 
A 7 A ' 

5x _ 3a: 2 ■ x 3 

2A A 2 A 3 

1 


1 

x_ 3 

A 2 

3x 


6x 

A 


X 2 

2A 2 

1 

x — A 


OX _i o 

9x 2 I _ 9 / 

4 / 


A 3 


3A 

2 

3A 


x(x — 1) 4— Ax + 4 + x 2 — x gg- 2Ax + A + x 2 — x 2A 2 — 3Ax + 4- 


x 2 — x 


V D 3.l( X ) 


D { £(x) 




£>$(*) 
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where 

Z? 3 °|(x) = x(x — l)(x — 2), D^ x (x) = — -(A — 2x + 2)(A — 2x + x 2 — Ax), 

D^ x (x) = — i(A — x + 1)(A 2 — 4Ax + 4A + 2x 2 — 4x), 

Z? 3 3 |(x) = —-(3A — 2x + 2)(3A 2 — 6Ax + 6A + 2x 2 — 4x). 

Remark 3.1. In fact, we can prove Eq. 11.61 ). simply by multiplying Eq. 11.51 ) by S 2 as follows. 

S 2 D 1 (x) = S 2 Si ABW Q = I AB« (£) =AB( fc ) Q . 

The following Theorem gives the relation between the Daehee polynomials of higher order and A-Daehee 
polynomials of higher order. 

Theorem 3.2. For m > 0, we have 

= £ ^ (&)(*) -(i)' < 3 - 7 > 

n= 0 ii+* 2 H- \-i n =m 


Proof From (12.81) . replacing (1 + t) by (1 + f) A , we have 

111 + = E J g > W ((1 + ^~ 1) * . 

thus from (13.11) . we get 


E<,<^S = E^fEfffi-' 


m=0 


n=0 


n\ 


, *=0 


E^nfE(. A )‘- 


n=0 

Using Cauchy rule of product of series, we obtain 


kI= 1 


= E 


m =0 


n! 


E E 


n= 0 m=nii+i 2 H-h in=m 

00 m j—. (/c) / 




E m! E E 

m=0 n=0*i+*2H- \-in=m 


Dk K \x)) /M Mi' 


n! V* 1 / V*"/ m! 


Equating the coefficients of t m on both sides yields (13.71) . This completes the proof. 
Setting x = 0, in (13.71) . we have the following corollary as a special case. 

Corollary 3.1. For m > 0, we have 


D m,X = m! E E 


D 


(fc) 


71=0 21+22H- 


n! 


| V &i / V ^2 


n f A w A \ /A 

i-n 


□ 


(3.8) 
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Ki m et al. U, defined the A-Daehee polynomials of the second kind with order k as follows. 
Kim et al. [9j, Theorem 5] proved that 

m 

(*+?), 

1=0 

and 

m 

\ m B^ (k + =J2s2(m,n)D^l(x). 


n=0 


Also, Kim et al. |9|, Eq. (35)] introduced the following result 

B^\k-x) = {-l) n B^{x). 


(3.9) 


(3.10) 


(3.11) 


(3.12) 


Remark 3.3. We can write f id. 10]) and ( 13. / / D . respectively, in the following matrix forms 


Df(r) = S 1 A 1 B« (-^), (3.13) 

and 

AlB ( fc ) (-|) =S 2 Df (x), (3.14) 

where D,\(x) is (n + 1) x (n + 1) matrix for the A-Daehee polynomials of the second kind of order k 
and Ai is (n + 1) x (n + 1) diagonal matrix with elements (Ai)jj = (—A)*, for i = j = 0,1, ■ ■ ■ , n. 
For example, if setting 0 < n < 3, 0 < k < n, in (13.131) . we have 


( 1 

0 

0 



( 1 

0 

0 

° ^ 

0 

1 

0 

0 


0 

-A 

0 

0 

0 

-1 

1 

0 


0 

0 

A 2 

0 

l 0 

2 

-3 

1 ) 


l 0 

0 

0 

-AV 

( 1 



1 




1 


X X 1 X 


fr jz(^-+^ x + x2 ) ^(|A 2 + 2Ax + x 2 ) 

x 3 a;(A+2tc)(A+tc) (A+at)(A 2 +4Ax+2ai 2 ) 


A 2 

p-(2A -|- x)(A -|- X ) 

(3A+2a;)(3A 2 +6Ax+2a: 2 ) 

4P 


/ 1 

X 


\ 


fx — 1 ) 
f )(°) 

U 3,X 


1 1 1 \ 

^ X \ + X ^ X 

^- + Xx — ^ + x 2 — x + 2Xx — A + x 2 — x 2A 2 + 3Xx — 4^- + x 2 — x 

D { fi{x) £>™(x) D ( 3 3 l(x ) ) 


where 

D 3 °l(x) = x(x — l)(x — 2), D^ x (x) = — -(A + 2x — 2)(A + 2x — x 2 — Ax) 

D^ x (x) = i(A + x — 1)(A 2 + 4Ax — 4A + 2x 2 — 4x), 

B ( 3 3 l(x ) = ^(3A + 2x — 2)(3A 2 + 6Ax — 6A + 2x 2 — 4x))). 

Remark 3.4. We can prove Eq. ( 13.771) easily by using the matrix form, multiplying Ea. ( 13.731) by S 2 as 
follows. 
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4 The Twisted A-Daehee Numbers and Polynomials of Higher 
Order 

Kim et al. iES defined the twisted A-Daehee polynomials of the first kind of order k by the generating 
function 




n\ 


(4.1) 


In the special case, x = 0, A = D^( 0| A) are called the twisted A-Daehee numbers of the first kind 
of order k. 

( A1 °g( 1 + &) \ k _ y'£>(*) (4 2 ) 

v ( i+et) A -v ~ho n * ,XnV 

The twisted Bernoulli polynomials of order r £ N are defined by the generating function, see |[ij] 


£e* - 1 


e xt = 




n=0 


(r), 4 


(4.3) 


The relation between the twisted A-Daehee polynomials and A-Daehee polynomials of order k, can be 
obtained by the following corollary. 


Corollary 4.1. For n >0, k £ N, we have 

D«(x|A) = CDf(x). 

Proof. Replacing t with in (13.11) . we have 




= > D[ k l(x)^l- = J2C D nPX 


n,X \ 

n=0 7T—0 




n! ^' ' n! 

n=0 

hence by virtue of (14.11) and (14.51) . we get (14.41) . This completes the proof. 

If we put in (14.41 ). x = 0 and A = 1, respectively, we have 

j-)W _ tn j-j(fc) 

— ? ^n, A’ 


(4.4) 

(4.5) 
□ 


and 


D^(x) = r^ fc) (x). 


Kim et al. 0, Theorem 1] proved the following relation. For m £ Z, k £ N, 

m 

D%](x A) = r £Si(m,(£) , 

1=0 

and 


X m B (k \ x 


m,e (x) = " " S 2 (m,n). 


(4.6) 


(4.7) 


n =0 


where A is defined by Kim et al. llld. Eq. 15], as follows 


A t 


£A e At _ i 


OO . 

(£ e *) x = r £ A m ^ (fc) f- 


m=0 


\A/ m! 


(4.8) 
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Remark 4.1. We can write 14.61 ) in the following matrix form 

Df ) (x|A) = SS 1 AB( fc )(|), (4.9) 

where (x| A) is (n + 1) x (k + 1) matrix for the twisted Daehee numbers of the first kind of the order 

k and E is (n + 1) x (n 4- 1) diagonal matrix with elements (E)jj = tf for i = j = 0,1, ■ ■ ■ ,n. 

For example, if setting 0 < n < 3, 0 < k < n, in (14.91) . we have 


-§(3£-2z) 

£ 2 (2A 2 — 3Ax + |A + x 2 — x) 
Dfl(x |A) 

where 

Z? 3 °^(a;|A) = £ 3 x(x — l)(x — 2) ZA^(x|A) = — -^-(A — 2x + 2)(A — 2x + x 2 — Ax), 

B^(xjA) = — -^-(A — x + 1)(A 2 — 4Ax + 4A + 2x 2 — Ax), 

D^(x |A) = ~^j-(3A — 2x 4- 2)(3A 2 — 6 Ax + 6A + 2x 2 — 4x). 

Remark 4.2. In fact, it seems that the statement in ( 14.71 ) is not correct, the second equation of Kim et 
al. M Theorem 1 ]. From ( 14.91 ). multiplying both sides by E 1 , we have, 

E” 1 D^ } (x|A) = E^ 1 ESi AB<*> = Si AB® , 

then multiplying both sides by S 2 , we have 

S 2 E^ 1 D^(x|A) = S 2 Si AB^ Q = AB^ Q . (4.10) 

From ( 14.71) and ( 14 . 1 OP . it is clear that there is a contradiction. 

In the following theorem we obtained the corrected relation as follows. 

Theorem 4.3. For me Z, k € N, we have 


/1 

0 

0 

0 ^ 


( 1 

0 

0 

0 ^ 


( 1 

0 

0 

0 \ 

0 

c 

0 

0 


0 

1 

0 

0 


0 

A 

0 

0 

0 

0 

e 2 

0 


0 

-1 

1 

0 


0 

0 

A 2 

0 

V 0 

0 

0 

£ 3 ) 


l 0 

2 

-3 

1 ) 


l 0 

0 

0 

A 3 ) 


( 1 

X_ 

\ 


, x_ x 3:c 

' A 3 2A 2A 2 

1 

£,x 


x_ _ 1_ 

A 2 
x I 1 

v e. 

3x 2 


f " 1 


A 

x a 5x _ 3x z I x a _ _1 6a? _ 9x z I a? a _ 9 j 

A 3 2A A 2 ' A 3 2 A 2 A 2 'A 3 4 / 


2x 

A 


x 3 

A 2 

-^ + 2 


1 


-§(A-2ar) 


-C(A-x) 


£ 2 x(x — 1) £ 2 (-~— Ax + 4 + x 2 — x) £ 2 (§A 2 — 2Ax + A + x 2 — x) 


V ^(*i A ) 


D$(x | A) 


D { £(x\\) 


m 

(|) = ^DW(x|A)r”»2(™.n). 

n=0 


(4.11) 
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Proof. From Eq. (14.11) . replacing t by (e l — 1 j/£ , wc have 


^Alog (l + 


+ 1 


Substituting from (11.71) into (14.121) . we have 



E D >w- (e ‘~ 1) ’ 


n=0 


At 


e At _ X 


e tx = 


Y.Pn&m 


n =0 


n\£ r 


n!£ n 


At 


_ ]_ 


e At © = 


_ _ jl?1 

Z Z S2(m ’ n) ^r 

j-m 

W/tI M£-»Wrr. nl —. 


n=0 
oo m 


ZZwl^ n s 2 {m,n) 


m=0 7i—0 


m! 


t n 


,n 


m! 


From (11.11) and (14.131) . we have 

oo m oo m 

E 0 ^ = EE^wr^m,: 

ra=0 ra=0 n=0 

Equating the coefficients of t m on both sides gives (14.111) . This completes the proof. 

Moreover, we can represent Equation (14.1 II) . in the following matrix form as (14.101) . 

B ( fc ) ('£') = A ” 1 S 2 E - 1 Dl fc) (x|A). 

For example, if setting 0 < n < 3, 0 < k < n, in (14. 151) . we have 


/ 1 0 0 0 \ / 1 0 0 0 \ / 1 0 0 0 \ 
1 W W 0 | 0 0 


0 i 0 0 


0 0 £ 


v 0 0 0 £ 
1 

& 


( 


0 10 0 
0 110 

\oi3iy\oo o ^ j 

1 1 
— |(A — 2x) —£(A — x) 


-1(3^-2a;) 


(4.12) 


(4.13) 


(4.14) 

□ 

(4.15) 


£ 2 x(x — 1) £ 2 (i 5 — Xx + ^ + x 2 — x) £ 2 (§A 2 — 2Ax + A + x 2 — x) £ 2 (2A 2 — 3Ax + |A + a; 2 — x) 


V D^(x\X) 


D${x | A) 


D^(x | A) 


/ 

1 


l 



l 

1 


X 


X 

1 


2 f^ 1 

a? 


5 


A 

2 


, A 


X 2 

_ a? 

+ 


a?^ 2a? i 5 

x z 3a? 


A? 

~\Z 

3^ 


>7 - — + 6 

FIT 

V 

x 3 

X 


5a? 

3x 2 , x 3 1 

6a? 9a; _i_ 

A* 

2A 

2A 7 

2A 

- IF” + 17 - 2 

A 2>? T 


D^(x\X) 

\ 


4- x 9 
+ ~ A / 


where 


D^(x |A) = f A x(x — l)(x — 2), Dg^(a;|A) = — ^-(A — 2x + 2)(A — 2x + x z — Ax) 


0) 


£ 3 


L> 3 ^(x|A) = — -0(A — x + 1)(A 2 — 4Ax + 4A + 2x 2 — 4x), 


D^(x|A) = -^-(3 A — 2x + 2)(3A 2 — 6Ax + 6A + 2x 2 — 4x). 


2 

£ 3 
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Kim et al. IflOTI introduced the twisted A-Daehee polynomials of the second kind of order k as follows: 


( Alog ( ™ 1 -'i — )* (i+ (tr =£ b > m 


n =0 


n\ 


(4.16) 


Setting x = 0, 79^'? A = £>^(0|A), we have the twisted Daehee numbers of second kind of order k. 


/ Aiog(i + et)(i + fo ) ; 

V (i + et) A -i 


n=0 


(4.17) 


Kim et al. it id . Theorem 2], proved that. For m € Z, A: G N, we have 

m 

C m Dn,d xX ) = E ®l( m > , 

and 


(=o 


X m B {k \ x 

m,£ A 


fc + v)=E ^£EA> 2 (m, n)C n ~ Xk ~ x - 


n =0 


Using Eq. (13.121) . we can write (14.181) in the following matrix form. 


Df } (x|A) = 3S 1 AiBW (- 


(4.18) 


(4.19) 


(4.20) 


where D^(x|A) is (n + 1) x {k + 1) matrix for the twisted Daehee numbers of the second kind of the 
order k. 

For example, if setting 0 < n < 3, 0 < k < n, in (14.201) . we have 


/1 

0 

0 

0 



/ i 

0 

0 

0 \ 


/1 

0 

0 

° \ 

0 

£ 

0 

0 



0 

1 

0 

0 


0 

-A 

0 

0 

0 

0 


0 



0 

-1 

1 

0 


0 

0 

A 2 

0 

V 0 

0 

0 


) 


^ 0 

2 

—3 

1 


l 0 

0 

0 

-A 3 / 

/ 

1 

X 


a: 

i 





1 

X 

1 




1 

x 3 


V - 


X 2 x 2 

X Z X Z I X I 1 

x _ _x_ _ 6x _ x 

A 3 2A 2A 7 A 3 ' 


xi 2x | 5 
A*+„X+f 


5a: 3a:' 

' 2A T 2 


2 A 2 
x I 3a: _i o 

A 7 ' "A ' t 1 
6x 9x 2 x 3 9 i 
TT -4 / 


l 


A 3 2 A 2A 3 " A 3 4 

1 1 1 

£x §(A + 2x) t;(A + x) §(3£ + 2x) 

£ 2 x(x — 1) £ 2 (ir + Ax — + a; 2 — a;) £ 2 (|A 2 + 2Ax — A + x 2 — x) £ 2 (2A 2 + 3Ax — |A + x 2 — x) 

(o)/ 


V ^(x|A) 

where 

do), 


D£l(x\X) 


D { £(x | A) 


Dg(x|A) 


TAg^xIA) = £ a x(x — l)(x — 2), D^(x\X) = — ^-(A + 2x — 2)(A + 2x — x 2 — Ax), 
. . d:3 

D^(x|A) = ^-(A + x — 1)(A 2 + 4Ax — 4A + 2x 2 — 4x), 

D^(x|A) = ^-(3A + 2x — 2)(3A 2 + 6Ax — 6A + 2x 2 — 4x). 
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Remark 4.4. In fact, it seems that there is something not correct in ( 14. / 9D . the second equation of Kim 
et al. M Theorem 2]. 

From (| 420]), multiplying both sides by S’ 1 , we have, 

E^D^OcIA) = 3- 1 3S 1 A 1 BW (-£) = Si Ai (-£) 
multiplying both sides by S 2 , we have 

S 2 S- 1 Df ) (x|A) = S 2 S 1 A 1 B^(-^) = IA lB <*> (-|)=A lB <*> (-£) . (4.21) 

From 14. / 91/ and 14.271 ) //jo re 7v a contradiction. 

We obtained the corrected relation in the following theorem as follows. 

Theorem 4.5. For m £ Z, &; € N, we /?ove 


m 

A m B$ (k + j) =Y / D { n %\\)H- n s 2 (m,n). 


(4.22) 


n=0 


Proof. From Eq. (14.161) . replacing t by (e* — l)/£ , we have 


Fiog (i + ifca) ( 1 + 


1 + 


g(e* - 1) 
£ 


E 


n =0 


, (e* - 1) T 

~nUf— 


Xt 


e xt — 




_) e (««). = £d<*> (i |a). n , e , 

\\e-n( e ~ 0 


72=0 

00 


(p£r) e J,( ‘ +l) = 

A A n=0 


n! 


Substituting from Eq. (11.7b into (14.23b . we have 

) k OO OO J.TTL 

g A/(fc+f) = ^£>W( X |A)r n E s 2 (m ’ n ^ 

—O m=n. 


Xt 
( e xt — 


n =0 
00 m 


EE^S^I^ n s 2 (m , n )~y 


ra=0 72—0 


From Eq. (II.lb and (14.24b . we have 


E Ams - ( fc + 


EE^I A X n s 2 (m,n) 


A/ m! 


t r ‘ 


777.! 


772—0 772—0 72—0 

Equating the coefficients of t m on both sides gives (14.22b . This completes the proof. 


(4.23) 


(4.24) 


(4.25) 

□ 
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Moreover, by using Eq. (13.121) . we can represent Equation (14.221) . in the following matrix form. 


B (fc) = A^ 1 s 2 E- 1 t)£\x\X), (4.26) 

where AB (fc > (k + f) = Ai B( fc > (-§). 

For example, if setting 0 < n < 3, 0 < k < n, in (14.261) . we have 


( 1 

0 

0 

0 ^ 


/1 

0 

0 

0 ^ 


( 1 

0 

0 

0 \ 

0 

1 

A 

0 

0 


0 

1 

0 

0 


0 

1 

i 

0 

0 

0 

0 

1 

A 3 

0 


0 

1 

1 

0 


0 

0 

1 

c 

0 

V 0 

0 

0 

^A 3 / 


^ 0 

1 

3 

1 ) 


V 0 

0 

0 

¥ / 


1 

& 

£ 2 x(x — 1) 
£)(°)/ 


2 (A + 2x) 


Z(\ + x) 


> (3£ + 2x) 


s + Ax — + x 2 — x) 


£ 2 (|A 2 + 2Ax — A + x 2 — x) £ 2 (2A 2 + 3Ax — |A + x 2 




Dg(x|A) 


( 

1 

1 



X 

X 1 



A 

2 A 2 . 



AT, 

X 1 X 1 1 

A 3 + A + 6 , 

P 

V 

X 6 

x 3x z x d 

5x 

A 3 

2A 2A 3 A 3 

2A 


D { £(x | A) 


D { £(x | A) 


-t - 1 


2x 

X 


3x z 


P 


6x 


_ x_ _ 3 

2 A 2 
x I 3a: i o 

A 3 + X + 1 
_ 9x _ x 3 
2A 3 I 3 ' 


\ 

x) 


where 


D ( s}(x | A) 
I)g(x|A) 
D^(x\\) 


£ 3 x(x — l)(x — 2), D^(x |A) = —-^-(A + 2x — 2)(A + 2x — x 2 — Ax), 
cl 

— (A + x — 1)(A 2 4- 4Ax — 4A + 2x 2 — 4x), 
cl 

-j(3A + 2x - 2)(3A 2 + 6Ax - 6A + 2x 2 - 4s). 
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